THE UNDERLYING DIGRAPHS 
OF A COINED QUANTUM RANDOM WALK 



SIMONE SEVERINI 

Abstract. We give a characterization of the line digraph of a regular 
digraph. We make use of the characterization, to show that the un- 
derlying digraph of a coined quantum random walk is a line digraph. 
We remark the connection between line digraphs and in-split graphs in 
symbolic dynamics. (MSC2000: 05C50, 81P68) 



1. Introduction 

In this paper, we give a characterization of the line digraph of a regular 
digraph. We make use of the characterization, to show that the underlying 
digraph of a coined quantum random walk is a line digraph. 

The structure of the paper is the following. In Section 2, we recall the def- 
inition of line digraph and survey some properties. In Section 3, we give the 
characterization. In Section 4, we consider coined quantum random walks 
and remark the connection between these objects and line digraphs. Finally, 
we remark the connection between line digraphs and in-split graphs as de- 
fined in symbolic dynamics. The reader familiar with the general properties 
of line digraphs can skip Section 2. 

2. Line digraphs 

2.1. Definition. The notion of line digraph has been introduced by Harary 
and Nornam in 1960 HN60 . A classic survey on line graphs and digraphs 
is |HB78j : a recent one is |P95j . Line digraphs are used in the design and 
analysis of interconnection networks (see e.g. FYA84 ) and as a tool in algo- 
rithms for DIRECTED MAX-CUT |CE90| . certa in poset pr oblems |Sy84| , 
and special cases of TRAVELLING SALESMAN |GKWS98| . 

A directed graph, for short digraph, consists of a non-empty finite set of 
elements called vertices and a finite set of ordered pairs of vertices called 
arcs. Let us denote by D = (V, A) a digraph with vertex-set V (D) and 
arc-set A(D). In an arc (v{,Vj), V{ and Vj are called end-vertices of (vi,Vj); 
V{ tail and Vj head of (v{,Vj). A digraph D is an empty-graph if A (D) is 
the empty-set. 

Definition 1 (Line digraph). The line digraph of a digraph D is denoted 
by LD and defined as follows: the vertex set of LD is A (D) and, for every 
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v h ,Vi,Vj,v k G V (D), (v h ,Vi) , (vj,v k ) G A (lDJ if and only if ' v { = Vj. The 
fc-iterated line digraph is recursively defined by 

~L k D = 1 k - x ~LD. 

Now we need some standard terminology. 
A dipath is a non-empty digraph D, where 

V(D) = {v ,v 1 ,...,v k } , A (D) = {{vo,vi),(v 1 ,V2),...,(v k -i,v k )}, 
and, for every Vi,Vj G V (D), Vi ^ Vj. A dipath is called dicycle if vq = v k . 

A k-dipath (k- dicycle), denoted by P n (C n ), is a dipath (dicycle) on n 
vertices. The undirected analogues of a dipath and a dicycle are called path 
and cycle, respectively. 

A digraph H is a subdigraph of a digraph D if V (H) C V (D), A (H) C 
A (D) and every arc in A{H) has both end- vertices in V (H). If V (H) = 

V (D), H is said to be a spanning subdigraph of D. If every arc of A{D) 
with both end- vertices in V (H) is in A{H), we say that H is induced by 
the set X = V (H) and H is an induced subdigraph of D. 

This is an obvious but important remark: the set of vertices V ^ L k D^j 

can be seen as the set of the fc-dipaths in D. 

2.2. General properties. The theorems stated here are well-known; the 
proofs can be found in [HB78 . 
For every S C V (D), let 

N D (S) = { Vi : ( Vi , Vj ) € A (D) , Vj G S} 

and 

(S) = { Vj : { Vi , Vj ) eA(D), Vi £ S} 
be the in-neighbourhood and the out-neighbourhood of S, respectively. If the 
context is not equivoque we then write (S) (N + (S)). The in-degree of 
S is d~ (S) = \N~ (5)|; the out-degree d + (S) = \N+ (S)\. 

A vertex in a digraph D is isolated if it is not in a dipath with another 
vertex of D. 

A digraph D is connected if, for every Vi,Vj G V(.D), there is a dipath 
containing i>j to Vj, or viceversa; D is strongly- connected if, for every i^i;,- G 

V (-D), there is a dipath from f j to u,- and from Uj to Uj. 

Theorem 1. Let D be a digraph on n vertices (none of which isolated) and 
m arcs. Then: 



V LD 



m and 



A LD 



N- ((vi,Vj)) = dT (vi) and N + (( Vi , Vj )) = d+ ( Vj ) 
(hi) LD= P n-i if and only if D = P n ; 
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(iv) ~LD ^ C n if and only ifD^C n . 

Theorem 2. Let D be a digraph. Then 

(i) L n D is an emty-graph, for some n, if and only if D has no dipaths; 

(ii) if D has two dicycles joined by a k-dipath (possibly k = 1), then 

lim p n = oo, 

where p n is the number of vertices of L n D; 

(iii) if D is strongly connected, and if L n D = D for some n, then LD = 
D, and D is a dicycle. 

A digraph D is hamiltonian when V (D) = V(H), where H is a dicy- 
cle. A digraph D is eulerian if it is connected and, for every Vi G V(D), 
d~ (vi) = d + (vi). A digraph D is regular if, for every v,i,Vj G V (D), 
d~ fa) = d + (v^ = d~ (vj) = d + (vj). 

Theorem 3. Let D be a digraph. Then 

(i) LD is strongly connected if and only if D is strongly connected; 

(ii) L D is eulerian if and only if, for every arc (vi,Vj) £ A (D), d~ (vi) = 
d+( Vj ); 

(iii) L D is hamiltonian if and only if D is eulerian. 

A general partition of a set S is a collection {Si} i&1 of (possibly empty) 
subsets of S, such that 

S = \J ieI Si, and SinSj = iDiii^j. 

A digraph D is said to be F-free if it does not contain any subdigraph 
isomorphic to F. 

The adjacency matrix of a digraph D on n vertices, denoted by M (D) 
is the n x n (0, l)-matrix with ij-th entry equal to 1 if (i,j) G A (D), and 
equal to 0, otherwise. Let (M) and Cj (M) be respectively the z-th row 
and the j-th column of a matrix M. Let (a, b) the inner product of vectors 
a and b. 

Theorem 4. Let D be a digraph. Then the following statements are equiv- 
alent: 

(i) D is a line digraph; 

(ii) there exist two general partitions {Ai} ieI and {B{\ i&1 ofV (D) such 
that, for each i and j, 

\Aj (~l Bi\ < 1 - Sij, and such that A (D) = \J ieI A* x Bf, 

(iii) any two rows of M (D) are identical or orthogonal, Mi^ = for all 
i, and if n (M) = rj (M) ^ then (cj (M) , cj (M)) = 0; 

(iv) any two columns of M (D) are identical or orthogonal, M^i = for 
all i, and if Cj (M) = cj (M) ^ then (n (M) , rj (M)) = 0; 
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(v) D is -D3- and D^-free, where 

D 3 = ({1,2, 3, 4}, {(1,2), (1,3), (4, 2)}), 

and 

A = ({1,2, 3}, {(1,2), (3,1), (3, 2)}). 

Any digraph obtained from D3 or D4 by adding arcs is not an induced 
subdigraph of D, with the exception of 

D' 3 = ({1,2, 3, 4} {(1,2), (1,3), (4, 2), (4, 3)}) 

and 

D' 4 = ({1,2, 3}, {(1,2), (3,1), (3, 2), (1,1)}). 

Theorem 5 ( POj} ) . Let D be a strongly connected digraph. If D is regular 
then all its iterated line digraphs are regular, thus eulerian, and hamiltonian. 

2.3. Algebraic properties. 

2.3.1. Spectrum. Let D be a digraph on n vertices. The set of eigenvalues 
of the adjacency matrix M (D) is denoted by sp (D), and called spectrum of 
D |CDH95j . Let I n be the n x n identity matrix. 

Theorem 6 (see |LZ83| or |R01| ). Let D be a digraph. The characterisitc 
polynomial of LD is 

(2.1) P (LD, x) = x \MD)\-\v{D)\ p (A x) ; 

where 

P (D, x) = det (xl n - M (D)) 
is the characteristic polynomial of D. 

Let {0} n be a set of n zeros. By Theorem |HJ since 
sp (K+) = {d} U {0}^ , 
we have the following corollary. 
Corollary 1. sp(B(d,k)) = {d} U {O}^^. 

2.3.2. Moore-Penrose inverse. A matrix M + is a Moore-Penrose inverse of 
a matrix M if 

(i) MM+M = M, 

(ii) M+MM+ = M+, 
(hi) (MM+) T = MM + , 
(iv) (M+M) T = M+M. 

Theorem 7 r |Sm81^ . A square (0, 1) -matrix has a Moore-Penrose inverse 
if and only if it is the adjacency matrix of a line digraph. 
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2.3.3. Permanent. The permanent of a (0, l)-matrix M is 

n 

per(M) = H A i,*(i), 

where S n is the symmetric group on an n-set. 

Theorem 8 f |KSW97| L Let D be a digraph. Then 

per (m > 

if and only if each connected component of D is eulerian. 

2.4. Line digraphs and unitary matrices. Let M be a matrix over any 
field. The support of M is the (0, l)-matrix with ij-th element equal to 1 if 
Mjj ^ 0, and equal to 0, otherwise. The digraph of M is the digraph whose 
adjacency matrix is the support of M. If a digraph D is the digraph of a 
matrix M then we say that D, or indistinctly M (D), supports M. 

Theorem 9 ( |Se03| ) . Let D be a digraph. Then L D is the digraph of a 
unitary matrix if and only if every connected component of D is eulerian. 

3. A CHARACTERIZATION OF THE LINE DIGRAPH OF A REGULAR DIGRAPH 

In this section, we characterize the adjacency matrix of the line digraph 
of a regular digraph. 

3.1. The characterization. Let D be a digraph. A 1-cycle factor of D is 
the disjoint union of directed cycles spanning D. The adjacency matrix of 
a 1-cycle factor is a permutation matrix. 

A k- factor F of D is a /c-regular spanning subdigraph of D. A t 
factorization of D is a set {F\, F2, F m } of pairwise arc-disjoint A;-factors 
of D covering A (D), that is A (D) = F% U F2 U ... U F m . More generally, a 
factorization of D is a set of pairwise arc-disjoint factors of D, possibly of 
different degrees, covering A(D). 

The growth (F) of D, introduced in HS96 , is a digraph derived from 
a spanning subdigraph F of D, by adding, for each vertex Vi € F, 

I = \N£ (vi)\ - \N£ (vi)\ vertices {vi,...,vi} 

and 

I arcs (vi,V!) ,(vi,v 2 ) ,...,(vi,vi) . 

Proposition 1. Let D be a k-regular digraph. Let {F±, F2, F^} be a 1- 

factorization of D. Then there is a labeling of LD, such that 

M{Fi) M(F 2 ) ••• M(F k ) ' 
M(F 1 ) M(F 2 ) ■■■ M{F k ) 

M{F X ) M{F 2 ) ■■■ M(F k ) 



M LD 
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Proof. Since D is /c-regular, the adjacency matrix of D is 

fc 

M(D) = J2M(F j ). 
3=1 

Label by the pair (Fj,vi) the arc (vi,vi) of Fj. Construct Tu(Fj). Note 
that Fj is a subdigraph of So, in we can keep the same 

labelling of F,-. In addition, we label by v m , with m ^ I, the m-th of the 
k — 1 vertices which are heads of the arcs incident to Vi and that are not in 
Fj. Then label the arc (vi,v m ) with the pair (F m ,v m ). Since each i^- is the 
disjoint union of dicycles, and since the line digraph of a dicycle is a dicycle 
(see, e.g., |HB78j . Theorem 7.1), it follows that 

T D (F j )^T tD (Fj) . 

Given the chosen labelling and an ordering of the vertices, 



M ' T ?B ( F 3, 



























M(F 1 ) 


M{F 2 ) ■ 


•• M (Fj) ■ 


•• M(F k ) 























o 



where M (Fj) is the (j, j)-th block of M (t^ d (FjU. Since, the set 

{F u F 2 ,...,F k } 
is a 1-factorization of D if and only if 

{T tD ( Fl ),T^ D (F 2 ),...,T^ D (F k )} 
is a 1-factorization of L D HS96], it follows that 



M[LD)=Y J M(T tD (F j 



3.2. Example. Consider the digraph D with adjacency matrix matrix 

110 

M(D)= 1001 
10 1 

110 
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Note that D is a 2-cube. Chose a 1-factorization of D, {F±,F 2 }. For exam- 
ple, we chose {F\,F 2 } such that 



M(Fi) 



We obtain 



M(T D (Fx)) 



and 



M (T D (F 2 )) 



Now, 



10 
10 
1 
10 



and M (F 2 



10 
1 
10 
10 





Fi,l 


Fi,2 


Fi,3 


iq,4 


F 2 ,l 


F 2 ,2 


F 2 ,3 


F 2 ,4 







1 














1 





Fi,2 


1 




















1 


F u 3 











1 


1 











FiA 








1 








1 








F 2 ,l 





















F 2 ,2 





















F 2 ,3 


















F 2 A 






















Fi,l 


Fx, 2 


Fx,3 


F 1; 4 


F 2 ,l 


F 2 ,2 


F 2 ,3 


F 2 ,4 


Fi,l 





















Fi,2 





















Fx,3 



















Fi,4 




















F 2 ,l 





1 














1 





F 2 ,2 


1 




















1 


F 2 ,3 











1 


1 











F 2 A 








1 








1 








(Fi) = 






and T 


d{F 2 ) 









Since {Y-^ (Fi) , Y-^ D (F 2 ) j is a factorization of L D, 
M(~LD) = M(T D (Fi)) + M(T D (F 2 )) 



M (Fi) 
M (Fi) 



M{F 2 ) 
M(F 2 ) 



4. Line digraphs and coined quantum random walks 

In this section, we first recall the definition of coined quantum random 
walk, then, we show that the underlying digraph of a coined quantum ran- 
dom walk is a line digraph. Coined quantum random walks, and continuous- 
time quantum random walks, are surveyed in |K03j . 
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4.1. Definition. Let D be a /c-regular digraph on n vertices. Consider two 
quantum systems, to which are respectively assigned the Hilbert spaces H k 
and H n , of respective dimensions k and n. Label each ray of the standard 
basis of H k by a 1-factor of D. Label each ray of the standard basis of 7i n 
by the vertices of D. Let 

{\Fj,Vi) : < j < k,0 < i < n} 

be the standard basis of H k ' n = H k ® H n . Let \ip t ) e H k ' n be the state of 
the system at time t. Let 

C : H k — ► U k and f : H k - n — ► H k - n 
be unitary operators, such that 

C : \Fj) — ► Y!j=i a j \ F j) and T '■ \ F j> v i) — > \ F j, v l), where (vi,vi) G Fj. 

The matrices C and T, arising from these operators, are respectively called 
coin and shift. Define the unitary operator 

k 

U:\Fj,Vi) — ► a j\ F ji v i)- 

j = l,i:(D i ,D ; )ei ? J 

A coined quantum random walk on D with coin C, induced by the transition 
matrix 

U = T-(C®I n ), 

is a sequence {X t } of random variables. The sequence starts at Xq = Vi, 
fixed, or drawn from some initial distribution. At time t, the probability 
that Xt = Vj, conditioned on a initial state \ipo), is 

P*t(v j W ) = Ei(i>t\P {i ' j) Wt), where |Y> t ) = U* h/> ) 
and p( 1 '-?) is the projector onto the /c-dimensional subspace spanned \Fj,Vi). 

4.2. The underlying digraph of a coined quantum random walk. 

The underlying digraph of a random walk induced by a transition matrix 
M is the digraph of M. In this sense, the underlying digraph of a coined 
quantum random walk induced by a unitary matrix U is the digraph of U. 

Proposition 2. The underlying digraph of a coined quantum random walk 
is a line digraph. 

Proof. Let D be a fc-regular digraph on n vertices. Let {Fi, F 2 , F^} be a 
factorization of D. By Proposition 1, 

M (LD) = (M (K+) ® /„) • T, 

where 

k 

r = 0M(F j ), 
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Observe that 

M^LDy = T- {M(K+) <g>J n ). 

If in this equation we replace M (K^) with a unitary matrix C of size k, we 
obtain 

T • (C ® J n ) , 

which is the transition matrix of a coined quantum random walk on D. | 

4.3. Example: the cycle. The following construction is described in |FFY92j . 
Let D = Cay (G, S) be a Cayley digraph and let S = {s\, S2, • Sd}- Let 

H = {ir Si : Si G S} 

be a set of permutations of S. Let H act on S as a regular group: we take 
it Si as identity element and, for every Sj, Sj G 5, we assume that there exists 
a unique s&, such that 7r Sfe (sj) = sj. The set -fT can be used to define the 
following operation on S: 

Si © Sj = 7T St (Sj) . 

Let S* C 5. The elements s^ G 5*, such that, for all Si, Sj G S, 

Sk © (Si © Sj) = (Sfc ® Si) © Sj, 

form a group (S*,@), whose identity element is si. 

Let x S( ^ be the symbol of the (external) semidirect product. If H < 

Aut (G) then (5, ©) — H. In such a case, the digraph L D is a Cayley 
digraph of 

O^C7x sd (5,®), 
with respect to the set of generators 

{(si,Sj) : Si G S} . 

Let C n be the cyclic group of order n. Take n odd. Assume that Z n = C n 
is generated by the set 5 = {1, n — 1}. The Cayley digraph D = Cay (Z n , S) 
is a cycle of lenght n. Let H = {vri,7r n _i}. Let tti be the identity and, 

7Tn-l (n — 1) = 1 and vr n _i (1) = n — 1. 

Then = Z2. The element 7r n _i G Aut(Ij n ). Then LD is the Cayley 
digraph of the group 

O = Z n X S( 2 Z2 = -D n ; 

where 

D n = (a,b:a n = b 2 = e, a"" 1 = bab) 

is the dihedral group of order 2n, generated by its standard presentation. 
By denoting a permutation in the standard cycle notation, we write 

3 = (1 2 3 ... n) and g 71 " 1 = (1 n n - 1 ... 2 1), 

where g = 1 and g n ~ l = n — 1. Then 

7r n _i (1) = <7 (1) a = n — 1, and 7Tx (n — 1) = a (n — 1) cr = 1, 
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where 

/ n + 1 n + 1 
a = (2 n) (3n-l)...l- — + 1 

The fixed-point of a is 1. Under the isomorphism t : 7L n x^TLi — * D n , the 
generators of D n are 

t[(g,g)} = 9 = a and L[(g,g n ~ 1 )) = ga = b, 

where 

/ n — 1 n + 1 
a = (l n) (2 n - 1) ... ( — — + 1 

The fixed-point of go" is 2£L. The Cayley digraph Cay (D n , {a = g,b = ga}) 
is the 1-skeleton of an n-gon prism. Let p reg be the (right) regular permu- 
tation representation of Z n . By Proposition 1, 

Preg (s) Preg (fi^) 
Preg 0) Preg (fi^) 



M(C ai /(£) ft ,{o,6})) 



4.4. Line digraphs and in-split graphs. The notion of split graph is 
fundamental in symbolic dynamics (see, e.g., LM95 ). Let D be a digraph. 

Then LD is is a special case of split graph of D, namely a in-split graphs. 
Here is the definition. For every V{ (zV (D), let 

N- ( Vi ) = I (1, «() W J (2, ui) W • • • W I (m , ^) , 

where m (wj) is the number of classes in the partition of iV~ (uj). Let V be 
a partition of A (D) as above. The in-split graph formed from I? using V is 
denoted by Dmi and defined as follows: 

V (D [v] ) = {I (j, v i ):v i eV(S),l<j<m («<)} ; 

the number of arcs from the vertex I (k,vi) to the vertex I(j,Vi) is the 
number of arcs in D which belong to I (j, v t ) and have v\ as tail. If "P is the 
maximal partition (all its classes have cardinality 1) then 

D [v] = ~LD. 

Acknowledgements. I wish to thank Yaokun Wu for referring me to 
LM95]. I wish to thank Richard Jozsa and Andreas Winter for reading 
earlier versions of the paper. 



References 

[AK89] S. B. Akers and B. Krishnamurthy, A group theoretic model for symmetric 
interconnection networks, IEEE Trans. Comput. 38 (1989), 555-565. 

[CE90] V. Chvatal and C. Ebenegger, A note on line digraphs and the directed max- 
cut problem, Discrete Appl. Math. 29 (1990), 165-170. 

[CDH95] D. Cvetkovic, M. Doob and S. Horst, Spectra of graphs, theory and applica- 
tions, third ed., Johann Ambrosius Barth, Heidelberg, 1995. 

[FYA84] M. A. Fiol, J. L. A. Yebra and I. Alegre, Line digraph iteration and the (d, k) 
digraph problem, IEEE Trans. Comput. C33 (1984), 400-403. 



THE UNDERLYING DIGRAPHS OF A COINED QUANTUM RANDOM WALK 11 



[FFY92] M. L. Fiol, M. A. Fiol and J. L. A. Yebra, When the arc-colored line digraph 
of a Cayley digraph is again a Cayley colored digraph, Ars Combinatoria 34 
(1992), 65-73. 

[GKWS98] D. Gusfield, R. Karp, L. Wang and P. Stelling, Graph traversal, genes and 

matroids: an efficient case of the travelling salesman problem, Discrete Appl. 

Math. 88 (1998), 167-180. 
[HN60] F. Harary and R. Z. Norman, Some properties of line digraphs, Rend. Circ. 

Mat. Palermo (2) 9 (1960), 161-168. 
[HS96] T. Hasunuma and Y. Shibata, Isomorphic decomposition and arc-disjoint 

spanning trees of Kautz digraphs, IPS J SIG Notes, 96-AL-51 (1996), 63-70. 
[HB78] R. L. Hemminger and L. W. Beineke, Line graphs and line digraphs, in L. 

W. Beineke and R. J. Wilson (eds.), Selected topics in graph theory, Academis 

Press, London, 1978. 

[K03] J. Kempe, Quantum random walks - an introductory overview, Contemporary 

Physics, to appear, quant-ph/0303081 
[KSW97] J. Klerlein, S. Sportsman and C. Wallis, On permanents of adjacency matrices 

of iterated line digraphs, Congr. Numer. 125 (1997), 119-127. 
[LZ83] G. N Lin and F. J. Zhang, The characteristic polynomial of the directed line 

graph and a type of cospectral digraphs, Kexue Tongbao 22 (1983), 1348-1351 

(in Chinese). 

[LM95] D. Lind and B. Marcus, An introduction to symbolic dynamics and coding, 

Cambridge Univ. Press, 1995. 
[PTZ02] P. Pakohki, G. Tanner and K. Zyczkowski, Families of line-graphs and their 

quantization, |nlin.CD/0110043| 
[P95] E. Prisner, Line graphs and generalizations — a survey. Surveys in graph theory 

(San Francisco, California, 1995) Congr. Numer. 116 (1995), 193-229. 
[P01] E. Prisner, Eulerian iterated line graphs and digraphs, Discrete Math. 236 

(2001), no. 1-3, 315-323. 
[R01] V. R. Rosenfeld, Some spectral properties of the arc-graph, Match 43 (2001), 

41-48. 

[Se03] S. Severini, On the digraph of a unitary matrix, SIAM J. Matrix Analysis 

Appl, to appear. 

[Sm81] P.A. Smeds, Line digraphs and the Moore-Penrose inverse, Linear Agebra 

Appl. 36 (1981), 165-172. math.CO/0205187 
[Sy84] M. Syslo, A graph-theoretic approach to the jump-number problem, Graphs 

and order (Banff, Alta., 1984), 185-215, NATO Adv. Set. Inst. Ser. C Math. 

Phys. Set., 147, Reidel, Dordrecht, 1985. 



Department of Computer Science, University of Bristol, Merchant Ven- 
turers' Building, Woodland road, BS8 1UB, Bristol, United Kingdom 
E-mail address: severini@cs.bris.ac.uk 



